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Abstract 

This paper deals with multiplicity of rotation type solutions for Hamiltonian systems on 
rpg X M^"^^. It is proved that, for every spatially periodic Hamiltonian system, i.e., the case 
i = n, there exist at least n + 1 geometrically distinct rotation type solutions with given energy 
and rotation vector It is also proved that, for a class of Hamiltonian systems on x IR^"~^ 
with 1 ^ £ ^ 2n — 1 but £ ^ n, there exists at least one periodic solution or n + 1 rotation 
type solutions on every contact energy hypersurface. 
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1 Introduction and main result 



Existence and multiplicity of periodic solutions of spatially periodic Hamiltonian systems had 
been studied in [1, 3, 4, 5, 7, 10, 1 1] and some references therein. This paper is motivated by [6]. 
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1 We make the following assumptions about Hamiltonian function H 

2 (HO) G C2(R2«,M). 

3 (HI) H{p,q + m) = H{p,q),W{p,q) eR'^''-^' m eZ^, 1 ^ i ^2n. 

4 (H2) 3 r > such that 

< fiH{p, q) ^p- Hp{p, q), V(p, q) G M^""^ x R\ \p\ ^ r. 

5 Spatially periodic Hamiltonian functions are the special case of £ = in (H1)-(H2). If ^ = 2n, 

6 then H only satisfies (HO) and (HI) and can be considered as a Hamiltonian function on the torus 

7 T^", on which Hamiltonian systems had been studied in [2, 3, 4]. If 1 ^ £ ^ 2n — 1, an alternative 

8 result had been obtained by M. Y. Jiang in [9]. 

9 We look for solutions of 

z{t) = JH'{z{t)), 

ziT) = z{0) + iO,k), (1.1) 
^ Hizit)) = M, 

10 with prescribed energy M and A; G Z^. A pair {z,T) satisfying (1.1) with A; 7^ is called a 

11 rotation type solution with rotation vector k. Two solutions {zi^Ti) and (^2,^2) of (1.1) are 

12 called geometrically distinct if 

7ro2i(R) ^ 7ro22(M), (1.2) 

13 where vr denotes the covering projection M^""^ x M^— j-M^""^ x M^/Z^. Denote by V{M, k) the set 

14 of geometrically distinct solutions of (1.1). For the constant r > in (H2), set 

M* := max{H{p, q) \ \p\^r,qe M!}. (1.3) 

15 The main result in this paper is 

16 Theorem 1.1. Assume that H : M^"->M satisfies (H0)-(H2) with i = n. For every M > M* and 

17 A; G \ {0}, we have *V{M, k)^n + l. 

18 As an application of Theorem 1 .2 of [9], we have 
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1 Theorem 1.2. Assume that H : M2n_^]R satisfies (H0)-(H2) with I ^ i ^ 2n - I but i ^ n. For 

2 M > M*, ifH~^{M) is of contact type then *V{M, 0) ^ 1 or #P(M, ko) ^ n + I for some 

3 A;o G \ {0}. 

4 Remark 1.3. Assumptions of Theorem 1.1 are the same with that of Theorem 0.1 of [6] which 

5 states that *V{M, k) > n, while Theorem 1.1 gives one more solution of (1.1). When n = I, 

6 Theorem 0.1 of [6] gives one rotation type solution, while Theorem 1.1 gives two. For example, 

7 consider the simple pendulum equation q + sin(g) = with Hamiltonian function H{p, q) = 

8 — cos(g). For every M > 1, the energy surface H~^{M) consists of two disjoint curves zi and 

9 Z2, each one is a rotation type solution. See Fig 1. 

10 The idea of the proof of Theorem 1 . 1 is as follows. In [6], P. Felmer modified H quadratically 

11 to obtain a new Hamiltonian function H which is regular near H^^[M) = H~^{M), and then 

12 obtained solutions (x, T) of 

x{t) + {0,k) =fJH'{x{t) +t{0,k)), 

< a;(l)=x(0), (1-4) 

^ H(x{t) +t{0,k)) = M. 
A reparametrization of x{t) + t(0, k) gives a solution of (1.1). This proves the existence. For the 
multipUcity proof, instead of Ljusternik-Schnirelmann category argument in [6], we adopt 
a different method: Recall that Rabinowitz' idea to construct a Hamiltonian function i/s for a 
starshaped hypersurface S with respect to the origin is to set 

H^(x) = 1, Vx G S, 
H^iXx) = ip{\), Vx G S, A ^ 0, 

13 where cp is some well chosen function. In this paper, we use a modification of this idea to define 

14 a Hamiltonian function H which is periodic in all components and possesses H~^{M) as a com- 

15 ponent of one of its regular energy hypersurfaces. From a solution of (1.4), we obtain a solution 

16 (x, T) of 

x{t) + (0, k) = fjH\x{t) + t(0, k)), 

(1.5) 

x(l) = x(0). 
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1 For the number T, following the idea of [4], we obtain 2n + 1 solutions of (1.5). These 2n + 

2 1 solutions are classified into two categories and give at least n + 1 geometrically distinct 

3 solutions of (1.1). 

4 To prove Theorem 1 .2, define a Hamiltonian function H which possesses (A/) as a regular 

5 energy hypersurface, is periodic in q and equals to its maximum outside an open neighborhood 

6 of H~^{M) in M^". By Theorem 1.2 of [9], we obtain a solution of (1.5) with k equals to some 

7 fco G Z^. If /cq 7^ 0, extending H periodically in p and repeating the multiplicity proof of Theorem 

8 1.1, we obtain n + 1 geometrically distinct solutions of (1.1). 

9 This paper is divided into four sections. In Section 2, we prepare some preliminaries and prove 

10 the existence of (1.5). In Section 3, we follow the idea of [4] to obtain the multiplicity of (1.5). 

11 Here, special care in the proof of the Corollary of Theorem 5 of [4] has to be taken. The existence 

12 proof of (1.5) in Section 2.3 yields the existence of rest points. Then, assuming the number of 

13 them is finite, they form a Morse decomposition. Hence, the existence proof of (1.5) is necessary. 

14 Finally in Section 4, we prove Theorem 1.1 and Theorem 1.2. 

15 In this paper, we denote hy x ■ y the standard inner product of x and y in Euclidean space, and 

16 S''- the unit sphere in W^+^ . 

17 2 Preliminaries 

18 2.1 Some properties of Hamiltonian functions H satisfying (H0)-(H2) 

19 By (H0)-(H2), the energy hypersurface (M) is bounded in p and periodic in q. 

20 Proposition 2.1. (cf. Lemma 1.1 of [6]) For every M > M*, the following holds. 

21 (i) There exists two constants r' = r'{H, M),r" = r"{H, M) > r such that 

r' ^ \p\ ^ r", V(j9, q) G H-\M). (2.1) 

22 (ii) Given p G R^"~^ \ {0}, there exists a unique periodic function a = ap E C^(]R^, M+) such 

23 that 

H{a{q)p, q) = M, a{q + m) = a{q), Vg eR\ me l}. (2.2) 

4 



1 (in) The energy hypersurface H ^{M) is periodic in q in the sense of 

H-\M) = H-^{M) + {0} X Z^. (2.3) 

2 Proof. Conclusions of this proposition are the same with that of Lemma 1.1 of [6] except the 

3 upperbound in (2.1) whose proof is given below. By (H2), we have 

H{p, q) ^ a|p|^, V(p, q) G R^""^ x \p\ ^ r, (2.4) 



where 



Set 



a:=min^>0. (2.5) 

\p\=r \p\i' 



r' := min{|p| | (p, q) € if"^(M)}, r" := f — J . (2.6) 

6 By (1.3) and (2.4)-(2.6), we obtain (2.1). ■ 

7 Remark 2.2. In (H2) of [6], the condition > 1 is assumed. However, in the proof of Lemma 1.1 

8 of [6], condition > is sufficient for making /'(cr) > and /(cr)— )• + oo as cr— )■ + oo in (1.5) of 

9 [6]. 

10 By (1.9) of [6], there exists a unique function 

a : := M^"" \ ({0} x R^)^R+, (2.7) 

11 which is positive homogeneous of degree one in p such that 



Hi / = M and g + m) = g), V(p, g) G Rf , m G (2.8) 



12 In fact, for any A > 0, we have 



13 Then, by the uniqueness of a, we have 

A 1 



a{Xp,q) a{p,q) 



a{\p,q) = \a{p,q). (2.9) 



5 



Proposition 2.3. For every M > M*, the energy hypersurface H ^{M) is dijfeomorphic to 
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3 Proof. By (2.8), we have 

H-\M) = a-\l) = \J{pe M'"-' I a{p, q) = l}. (2.10) 

Define two maps 

F^ : H-\M)^S^''-'-' x R', F,{p,q) := , (2.11) 

F2 : X RUH-\M), F2{p,q) := (^^,q) • (2.12) 

4 For any (p, g) G H^^{M), we have g) = 1 and 

5 This proves F2 o Fi = idH-^{M)- Similarly, we have Fi o F2 = ids2n-i-iy^^i. By (i) of Propo- 

6 sition 2.1, we have H-\M) C . Since a G C2(M2n,M), then F2 defined by (2.12) is a 

7 C^-diffeomorphism. ■ 

8 Example 2.4. Consider the Hamiltonian function H : M'^— t-M defined hy H{pi,p2,qi,q2) '■ = 

9 + |P2n — cos(gi) — cos(g2)- For every M > 2, the energy hypersurface H~^{M) consists 
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of circles with radius varying periodically from a/2(M — 2) to \J2{M + 2) 



11 2.2 Symplectic dilation 

12 In this subsection, we prepare some results for the multiplicity proof in Section 4. 

13 Definition 2.5. ([12]) A symplectic dilation of a hypersurface S* in a symplectic manifold (M, u) 

14 is a vector field ^ : U —^TM defined on an open neighborhood U of S in M which is transverse to 

15 S and satisfies 

L^oj = uj. (2.13) 

16 A. Weinsten [12] gives the following equivalent characterization of contact type. 
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1 Proposition 2.6. A hypersurface S in {M,u) is of contact type if and only if there exists a sym- 

2 plectic dilation of S. 

3 Let ^ : U^TM be a symplectic dilation of a hypersurface S in (M, uj) . For each x E U, there 

4 exist 6{x) > 0, a neighborhood U{x) of x in t/ and a map $ : {—5{x), S{x)) x U{x)^U{x) such 

5 that 

;^$(s,i/)=e($(s,i/)), sG(-5(x),5(x)), 

(2.14) 

$(0,y) = y, y G f/(x). 

6 If there exists a constant 5 := 6{S) > such that 5{x) = 5, Vx G S", then 

$ : (-5, (5) X 6) X ^) := Afs (2.15) 

7 is a diffeomorphism. If ^ is C^, where iV G N U {+oo}, then $ is . 

8 Definition 2.7. We call $ a symplectic 5-dilation of 5. The 1 -parameter diffeomorphism group 

W :=$(s,-)}n<^ 

9 is also called a symplectic (5-dilation of S. 

10 Let {0''}|s|<5 be a symplectic 5-dilation of a hypersurface S* in (M, uj). A subsequent property 

11 of (2.13) is 

{(()')* UJ = e'oo, Vs G (-5, 5), (2.16) 

12 which is crucial in the proof of (ii) of Proposition 2.8 below. We refer to page 122 of [8] for its 

13 proof. The following map 

0^ : Ari,^0^(Ari,), \/s G (-^5, ^5), (2.17) 

14 is a diffeomorphism. By (2.15) and Definition 2.7, we have 

Ars= [j Ss, where := (f)'{S). (2.18) 

\s\<S 

15 Choose H G C2(M, M) such that 

H{x) := /(s), Vs G (-^5, ^5), X G Ss, (2.19) 



where / : R— )>M is a auxiliary function and satisfies 

f{s) = maxf, s^h, 

sm 6 (-2.20) 

/'(.)> 0, \s\<-6. 
See Fig 2. By (2.15), the smoothness of H follows from that of /. 

Proposition 2.8. Let S be a contact hypersurface in a symplectic manifold (M, u), ^ : U^TM 
be a symplectic dilation of S which generates {<t>^}\s\<5, H be defined by (2.19) and Xjj be the 

Hamiltonian vector field of H. The following holds 
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(i) For each s G {—\6,\6) and x G Ss, we have 



H'{x)-i{x) = f{s)>Q (2.21) 



and Ss is a regular energy hypersurface of H. 

(ii) For Si, S2 G (— |(5), ifxi{t) lies on Dg^ and solves Xiit) = X^(xi(t)), then 



lies on and solves 



X2{t)=e^^-^^^X^{x,{t)). 



(2.22) 



(Hi) If F is another function possessing S as a regular energy surface, then 

Xf{x) = (F'ix) ■ ^{x))Xfj{x), Vx G S. (2.23) 

Proof. For (i), the conclusion follows from differentiating (2.19) with respect to s. 

For (ii), since {0''} is generated by ^, H and H o constant on and regular near 

Ss2, by (2.21), we have 

(i^o0^-^^)'(x) = ^^'(x), Vsi,.2 e i-UU), X G Ss2. (2.24) 
f [S2) 3 3 

Note that 

dH{xi{t)) = d{H o 0^i-^2)(x2(t))rf(0^^"^^)(xi(t)). (2.25) 
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Then, for any vector field ( on Mi^, we have 

u (^^^X2{t),d{<P^^-^^){x,m{xr{t)) 
= a;U0^-^^)(xi(t))^xi(t),d(0^-^O(xi(t))C(xi(t)) 



: - e'^-''d{H o 0^^-^^)(a;2(t))ci(0^^"^^)(a;i(t))C(a;i(t)) 
^ - e---^d^(x2(t))rf(r-^^)(a:i(t))C(xi(t)) 



■-co I ^^-^X^(x2(t)),rf(0^^-'^O(a;iW)C(a;i(t)) • (2.26) 



1 The second equality follows from (2.16). The fourth equality follows from (2.25). The fifth equal- 

2 ity follows from (2.24). Since to is non-degenerate and (i(0'*2~'^^)(xi(t)) : Tx^{t)M-^Tx2{t)M is 

3 isomorphic, by (2.26), we have 

4 For (iii), since F and H are constant on S and regular near S, then the conclusion follows from 

5 (2.21) with s = 0. ■ 

6 By elementary calculations, we have 

7 Proposition 2.9. Let M be a covering space of M with covering projection tt : M^M. The 

8 following holds. 

9 (i)Ifoj is a symplectic form on M, then u defined by 

Cj := TT*u (2.27) 

10 is a symplectic form on M. 

11 (ii) If^ : U C M^TM is a symplectic dilation of a hypersurface S in (M, u), then ^ defined 

12 by 

f(x) := rf7r(£)-^^(7r(£)), V£ G t/ := n'^U), (2.28) 

13 is a symplectic dilation of S := 7r~^(S'). 



1 (Hi) If {(f>'^}\s\<s is a symplectic 5-dilation of a hypersurface S in {M,u), there exists a sym- 

2 plectic 5-dilation {(t>^}\s\<s ofS such that 

vr o = 0' o 7r(x), Vs G (-5, 5), x^S. (2.29) 

3 2.3 Hamiltonian function H for the multiplicity proof 

4 In this subsection, we list some properties of H given by P. Felmer [6] for the fixed energy 

5 problem (1.4). For the fixed periodic problem (1.5), we define a new Hamiltonian function H 

6 similar to (2.19), which possesses H^^(M) as a component of its regular energy hypersurface. 

7 Proposition 2.10. (cf. (1.9)-(1.16) of [6]) For every M > M*, there exists a function H : R^'^-^R 

8 such that 

9 (i) H satisfies ( HO), (HI) and 

(H2) < 2H{x) ^ p ■ Hp{x), Vx = (p, q) G M^. 

(//) There exists constants Oi, a2, 03, 04 > such that 

ailpp ^H{x) ^ a2b|^ Vx = (p, g) G M^""^ x (2.30) 
2ai\p\ ^ |i?'(x)| ^ a3(b| + l),Va; = (p, g) G R" x (2.31) 
|^"(x)|^a4, Vx = (p,g)GR^. (2.32) 

10 (Hi) H is regular near H~^[M) = H~^{M) and 

p ■ Hp{p, q)=2M> 0, V(p, q) G H-\M). (2.33) 

11 Proposition 2.11. Assume that H : R2"->R satisfies (H0)-(H2) with i = n. For M* defined by 

12 (1.3) and every M > M*, the energy surface H~^{M) is of contact type in the sense of [12] (see 

13 Definition 2.5 and Proposition 2.6). 

14 Proof. Define a vector field 

e : RT^RT, (p, q) ^ (p, 0), V(p, q) G M^. (2.34) 
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By (i) of Proposition 2.10, we have 

H'ie'p, q) ■ e(e^p, q) = Hp{e'p, q) ■ e'p ^ 2H{e'p, q) > 0, Vs G M, (p, q) G M^. 
This proves that ^ is a symplectic dilation of H^^{M) = H~^(M). ■ 
Remark 2.12. The vector field ^ defined by (2.34) generates the flow 

$ : R X R^^R^, {s,p, q) ^ {e'p, q), Ws G R, {p, q) G M^, (2.35) 
which induces diffeomorphisms 

$ : R X H^^{M)^m?^ (2.36) 

and 

0^:R2"^R^, (p,g)^(e^p,g). (2.37) 

For H satisfying (H0)-(H2), assume that H^^{M) is contact. By Proposition 2.1, the hypersur- 
face H~\M)/Z'^ C R^"~^ x RV^^ is compact. By Propositions 2.9-2.11, there exist a constant 
6 > sufficiently smaU, two symplectic 5-dilations {0'} and {0"} of H'^^M) and H-^{M)/Z^ 
respectively such that (2.29) holds. Set 

Afs := U D,, ■= <P\Do), Do := H~\M). (2.38) 

|s|<5 

Proposition 2.13. For every s G (—5, 5), we have 

Ds = Ds + {0} X (2.39) 

and 

+ (0, m)) = 0^'(x) + (0, m), X G m G (2.40) 
Proof. For any s G (-5, 5), y G Do, ^ e Z^ by (2.3) and (2.29), we have y + (0, m) G Z^o and 

TT o + (0, m)) = 0"* o 7r(y + (0, m)) =0^*0 7r(y) = vr o (f)''{y). 
Since + (0, m)) — is continuous in s, there exists m' G Z^ independent on s such that 

(0, m') = (P'iy + (0, m)) - 0^(y) = + (0, m)) - 0°(|/) = y + (Q, m) - y = (0, m). 
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Then m' = m and 



(t)\y + (0,m)) = + (0,m), Vs 6 (-5,5), y G Do, m G 

This proves (2.39) and (2.40). ■ 

Define auxiliary functions /, g : M— j-M by 



fis) 



-6 



s ^ -is, 
-|5 ^ s ^ 0, 



(2.41) 



(2.42) 



By direct calculation, we have 

Proposition 2.14. 

(i) f is and satisfies (2.20). 

( ii) g is and satisfies 



0, \s\ ^ Is, 



and 



> 0, |s| < -6, 



where 



increases strictly in s G [ — 6, — 6 + 6~^], 

3 3 

decreases strictly in s E [—-;:S + 6^,-S], 



\+ - 



3 + i5- J(3 + i5)2-45 



(2.43) 



(2.44) 



See Fig 3. 

Proposition 2.15. (Periodic extension) For the vector k E {0} in Theorem 1.1, there exist an 
No eN sufficiently large and a function H E (^^(M^", M) such that 
( i) H is periodic in all components in the sense of 



H{x + (m',m)) = H{x), Wx E M^", (m',m) G A/'oZ^""^ x Z 



(2.45) 
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and possesses bounded gradient and Hessian, i.e., 

< Ml := max \H'{x)\, M2 := max \H"{x)\ < +00. (2.46) 
(ii) For each b G (0, there exists some 6b G (— 15, |5) i'Mc/z ?/zaf 

H~\b) = Ds, + iVoZ^'^-^ X {0}, (2.47) 
where Dg is defined by (2.38). Moreover, 

H'{x)^0 iff 0<H{x)<y. (2.48) 
(Hi) If{x, T) solves (1.4) with T ^ 0, then 

x{s) := x{t{s)) + t(s)(0, k) - s(0, k) (2.49) 

solves (1.5) with T defined by 

f:=f[ H'{x(^t) + t{0,k))-^(^x{t)+t{0,k))dtj^O, (2.50) 
Jo 

where ^ denotes the symplectic dilation of which generates 0** in (2.38) and t(s) is defined by 

^ = f{fH'{x{t) + t(0, k)) ■ i{x{t) + t(0, k)))-' ^ 0, 

(2.51) 

t(0) = 0, 

(iv) Ifx solves (1.5), then H{x{t) + t{0, k)) = h e (0, \5). Moreover, 
( iv. 1 ) Each element of 

[x]:=x + Nol?"^-^ X (2.52) 

solves (1.5). 

(iv.2) There exist St, G (— 15, |5) and x G [x] solving (1.5) such that x(t) + t(0, /c) on D^^. 
Then 

w{t) := (p^^'{x{t) + 1{0, k)) G L'o, Vt G M. (2.53) 
f/v.ij IT o w is a non-constant 1-periodic solution of 

-^TT O w{t) = g{5b)fXfj {TT o w{t)), 

(2.54) 

TT O W{1) = IT O W{0), 
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where tt denotes the covering projection M^^^K^n-^ ^ ^7^^, : M^n-^ ^ M^z^^R /5 a 
Hamiltonian function defined by 

H^o'k:= H, (2.55) 
Xjj^ denotes the Hamiltonian vector field ofH^ on (M^"~^ x Mf/Z^, u^) with u-,, determined by 



U = TT U-n 



and uj denotes the standard symplectic form on M^". 

(iv.4) Denote by the set of periods ofn o w. There exists n{x) G N such that 



1 



n{x) 



Z. 



(iv.5) 



solves (1.1) with T defined by 



z{s) ■.= w{t (^)) 



T := g{6b)T 



dt 



H'iwit))-awit)) 



where s := -f and t{s) is defined by 



dt TH'{w{t)) -^{wit)) 



7^0, 



ds g{S,)T 

t(0) = 0. 

Proof. We carry out the proof in three steps. 
Step 1. Definition of H. 

Define a map $i such that the following diagram commutes, i.e., 

$1 := $ o (id X F2) o (F3 X id), 



(intEj-'(0)\5V(0))x 

F^xid 

(-6, 6) X X 



-AT, 



H 



-6,6) X i/-i(M) 



(2.56) 



(2.57) 



(2.58) 



(2.59) 



(2.60) 



(2.61) 
(2.62) 
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(inH,^,g) 



$(ln |p|,F2(^,g)), ./(In \p\) 



where $ is the diffeomorphism (2.15) with S = H~\M), F2 : ^2n-£~i ^ M^^iJ-i(A/) is the 
C2-diffeomorphism defined by (2.12), F3 : int5j-^(0) \ Bl'^7^{0)^{-5, 6) x S^n-^-i is defined 
by 

P. . „2n-^..^ ^ ^2n-^..^ (2.63) 



F,{p) := (In bl, ^), Vp G i?fr^(0) \ 5^(0), 



and 



5p""'(0) := {P e M^"-^ I bl ^ p}, int5f -^(0) := {p G R'^-' \ \p\ <p}, p> 0. (2.64) 



Then $i is a diffeomorphism. The C^-smoothness of $i follows from that of F3, F2 and $. To 
continue our study, we define an auxiliary function H : M^"— )-M in two cases according to the 
value of £ in (HI). 

Case 1. 1 ^ £ ^ 2n - 2. By (2.61) and (2.62) with 5 replaced by any S' G (0,5), the set 
M^" \ Ms' has two components Vs' and Ws' such that Vs'/Z^ is compact and {0} x is contained 
in the interior of Vs'. Choose / defined by (2.41) and define a new Hamiltonian function H by 



H(x) 



0, X G Vi 



<55 



/(s), X G Ds, \s\ < -6, 



(2.65) 



-6, xeWi 



<5' 



Case 2. £ = 2ra - 1. By (2.65) and (2.66) with S replaced by any S' G (0, 5), the set M^^^ \ AT^/ 
has three components Vs', such that Vs'/Z^ is compact and {0} x is contained in the interior 
of Vs'. We can also define H similar to (2.65) by 



0, X G Vi 



<55 



H{x) := < 



/(s), X G Z^^, |s| < -5, 

1-6, X G vrr. u iy+ . 



(2.66) 
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It follows from (2.1) that 

Do = H~\M) C B^r^iO) X R\ (2.67) 
Since 5 > is sufficiently small, by (2.1), (2.38) and (2.67), there exists 

r5 G N n (r", oo) (2.68) 

such that 

^5 C Bl'^~\0) X c intOs x (2.69) 
where the closed set Os is defined by 

Os := {p = (pi,P2, ■ ■ ■ ,P2n-e) e M'"-' \ \p,\^rs + l, l^z^2n-i} (2.70) 

and intC^ denotes the interior of Os- Then H defined by (2.65) or (2.66) equals to its maximum 
|5 on \ X M^). Choose 

No:=2{rs + l). (2.71) 



Then we have 



and 



U (a + iVom') := a + iVoZ^"-' (2.72) 



(2.73) 



(intC^, X + (m'l, 0)) n (intC^, x W + {m'^,0)) = 0, 

Using H, we can define a new Hamiltonian function H : M^"— t-M by 

H{p + Norn', q) = H{p, q),ype Os, q G m' G Z^"-^ (2.74) 
It follows from (2.72) and (2.73) that H is well-defined. Then H satisfies (i)-(ii). Here, we define 

F : {intBlr'iO) \ 5f"7'(0)) x R'^R, {p, q) ^ /(In |j9|). 

Then in the diagram (2.62) we have F = H o f^^. Since / and $i are C^, then F and H are C^. 
Hence H is C^. The periodicity of if in g follows from (2.39). The most new important property 
of H is its periodicity in p. 
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Step 2. Proof of (iii). 

Since ^ is a symplectic dilation of Dq, H is regular near H~^(M) = H~^(M) = Dq and 
H{x{t) + t(0, k)) = M, then ^ is transverse to Dq and 

H'{x{t) + t{0, k)) ■ e(x(t) + t(0, k)) ^ 0. (2.75) 

It follows from f ^ and (2.75) that f and (2.51) is well-defined. By (2.23) with F replaced 
by H, we have 

Xh{x) = {H'{x) ■ e(x))X^(x), Va: G Dq. (2.76) 
Since H{x{t) + t(0, k)) = M, we have 

x{s) + s(0, k) = x{t{s)) + t{s){0, k) e Do, Vs E R. (2.77) 

Then 

^(x(s) + s(0, A;)) = ^^(a^W + ^(0, k)) = X^(x(t) + t(0, k)) 

= ^f{H'{xit) + t(0, k)) ■ ^{xit) + t{0, k)))Xfj{x{t) + t(0, k)) 

= fX^{x{s) + s{0,k)). 

The third equality follows from (2.76) and (2.77). The last equality follows from (2.51). By (2.51), 
the inverse function s{t) of t{s) is given by 

f^ = lH'{x{t)+t{o,k)).am+mk)), 



s(0) = 0. 



We obtain t(l) = 1 from 



s(l) = Z [ H'{x{t) + t(0, k)) ■ i{x{t) + t(0, k))dt = 1. 



Tjo 

Then x(l) = x(l) = x(0) = x(0) and x solves (1.5). 
Step 3. Proof of (iv). 
Set 

7(t) := x{t)+t{0,k). 
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1 Since x solves (1.5) and k ^ 0, there exists a constant b such that H{'j{t)) = b and H' ^ on 

2 7(M). By(2.48),wehave6 e (0, 

3 For (iv.l), each element x E [x] can be written as a; = x + (m', m), where m' E NqZ"^"^"^, m E 

4 I/. Since x solves (1.5), it follows from (2.45) that x = x + (m', m) solves (1.5). 

5 For (iv.2), since H{^{t)) = b E {0, |5), by (iii), there exists 5t, E ^5) such that (2.47) 

6 holds. Then 

7(M)cZ^5, + iVoZ2"-^x{0}. (2.78) 

7 By (2.39) and (2.69), we have 

Ds, C intC^ X M^. 

By (2.73), we have 

{Ds, + {m[,0))niDs, + {m'„0)) 
c{mtOs xR^+ (m'l, 0)) n (intC^ x + (m'a, 0)) 

= 0, Vm'i, m'2 E iVoZ^""^ m[ ^ m'^. (2.79) 

8 Since 7(M) is connected, by (2.78) and (2.79), there exists a unique m[ E NqI?"^'^ such that the 

9 orbit 7 lies on Ds^^ + (m'j,, 0). Then x{t) + t(0, k) = 7(t) — (m'^, 0) lies on Ds^^. 

10 For (iv.3), the conclusion follows from (2.22), (2.42) and elementary calculations. 

11 For (iv.4), since tto is a non-constant 1 -periodic orbit, then ^ is well-defined and there exists 

12 n(x) e N such that (2.57) holds. 

13 For (iv.5), since x{t) + t(0, k) lies on Ds^, then w{t) lies on Dq. Similarly to (2.75), we have 

H'{w{t))-i{w{t))^Q. (2.80) 

14 Then T determined by (2.59) is well-defined. By \5b\ < \5 and Proposition 2.14, we have g{5b) > 

15 0. Since T 7^ 0, by (2.21), we have T ^ 0. Since x solves (1.5) and x{t) + t(0, k) lies on Ds„ by 

16 (2.22) with si = 5b, S2 = 0, xi{t) = x{t),X2{t) + t(0, k) = w{t), we have 

^w{t) = e-'^f\5b)fXf,{w{t)) = g{5b)fXf,{w{t)). (2.81) 
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The second equality follows from (2.42). Similarly to (2.76), we have 

Xh{x) = {H'{x) ■ ^{x))Xfj{x), Vx e Do. (2.82) 

It follows from g{6b), f,Tj^O and (2.80) that (2.60) is well-defined. Since z{s) = w{t) lies one 
Dq, we have 

d ds dt d 

—z(s) = - — ——w{t) 
ds ^ ^ dsdsdt ^ ^ 



1 dt 
Tdi 



g{5b)fXf,{w{t)) 



= Xh{z{s)). 

The fourth equality follows from (2.81). The fifth equality follows from (2.82). The last equality 
follows from (2.60). By (2.60), the inverse function s{t) of t{s) is given by 

d£ _ g{5b)T 
dt ~ TH'{w{t))-i{w{t)y 

s(0) = 0. 
We obtain t{l) = 1 from 

m)=^ r - =1 

^ ^ T 7o H'{w{t)) ■ e(«;(r)) ' 

Then 

z{T) - z{0) = w{l)-w{0) 

= 0-'^Hx(l) + (O,A;))-</.-^''(x(O)) 
= (jy-^'ixiO) + (0, k)) - (j)^^'{x{0)) 
= (0,fc). 

The third equality follows from x(l) = x(0). The last equality follows from x(0) G Ds^ and (2.40) 
with s = 6b.M 

Remark 2.16. Note that the Hamiltonian function H defined by (2.65) or (2.66) also satisfies 
Proposition 2.15 except that it is not periodic in p. Similar results of [4] listed in Section 3 are 
valid for H. However, we can only obtain n + 1 solutions of (1.5) with H replaced by H. Then, 
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1 in section 4.1, we can only obtain *V ^ Therefore, periodic extension of in p enable us to 

2 obtain more solutions of (1.5) and (1.1). 

3 Proposition 2.17. Assume that H satisfies (H0)-(H2) with i = n. There exists a solution of (1.5). 

4 Proof. By the proof of Theorem 0.1 of [6], there exists a solution (x, T) of (1.4). Then by (iv) of 

5 Proposition 2.15 there exists a solution of (1.5). ■ 

6 3 Saddle point reduction 

For the Hamiltonian function H : M^"— )-M and the number T given by Proposition 2.15, define 
two functionals A,B : E = H\S\ M^n)^^ 

A{x)=^{Ax,x)l^-B{x), (3.1) 

B{x)= [ {fH{x{t)+t{0,k))+x-J{0,k))dt. (3.2) 
Jo 

7 Critical points of A are exactly solutions to the equation 

Ax - B'{x) = 0. (3.3) 

8 In this section, we follow the idea of [4] to reduce the functional ^ to a functional G : Z— )-M 

9 defined on a finite dimensional subspace Z of L := L'^{E>^, M^") such that critical points of G are 

10 in one-to-one correspondence with that of A and hence give 1 -periodic solutions of (1.5). 

11 Note that the spectrum of the operator A = —J-^ : E^L is a pure point spectrum and 

12 o-{A) = 27rZ. Let {Ex | A G M} be the spectral resolution of A. In view of (2.46), choose 

13 some C ^ such that 2n < 2TM2 + G ^ 27rZ = a{A). We can define a orthogonal projection P 

14 of L by 

/■2fM2+C 

P:= / d^A. (3.4) 

Set = 1 - P, Z = P{L) and Y = P^{L). Then L = Z © F and dim Z = 2/2 + 2rf for some 
(i G N, since 2TM2 + G > 2-n. Set Aq = A\y, z = Px and y = P-^x, x e E. Equation (3.3) is 
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equivalent to 

Az - PB\z + = 0, (3.5) 
Ay - P^B'iz + y)=0^y = A,^P^B\z + y). (3.6) 

The right hand side of (3.6) is a contraction operator on L with contraction constant |. For fixed 
z E Z, the equation (3.6) has a unique solution y = y(z) E E. Note that x can be uniquely split 
as x{z) = z + y{z) and equation (3.5) becomes Az — PB'{x{z)) = 0, which is equivalent to 
Ax{z) - B'{x{z)) = 0. Define 

G : Z^R,z^ Aix{z)). (3.7) 

We have 

G'{z) = Az- PB'{x{z)) =Az- fPH'{x + t(0, k)) - J(0, k). (3.8) 
In view of (2.45), from the uniqueness of solution of (3.6) follows that 

y{z+{m',m)) = y{z), Vz G Z, {m',m) E NqZ^"^"^ x Z^. 

Hence 

x{z + (m', m)) = x{z) + (m', m), and 

+ (m', m)) = G'(z), G Z, (m', m) G A^o^^""^ x Z^. (3.9) 

Note that if z is a critical point of G, the equivalent class 

[z]:=z + NoZ^"-^ X 

is a group of critical points of G with consistent energy. Moreover, the equivalent class 

[x] ■= [x{z)] := x{z) + A^oZ'"-^ X Z^ 

is a group of 1-periodic solutions of (1.5) with consistent energy and uniquely determined by the 
equivalent class [z] . Now we write z E Z as z = w+^, where w = z{t)dt. We have w E 'ker{A) 
and ^ G (ker(A))-^ n Z. Writing z = (w,^), we conclude from (3.9) that G'{z) = G'{w,^) is a 



vector field on T/" x R^*^, where T/" denotes the (non-standard) torus T/" := M^n/^jy^^ 
Z^) = M2n/^2n ^ 2"2n,_ summary, we have 
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X 



1 Proposition 3.1. (Lemma 1 of [4]) Rest points of Lipschitz continuous vector field G\z) = 

2 G'{w,C,) on T/" X M.^'^ and hence equivalent classes [z]s, which consist of critical points of the 

3 function G : Z— t-M defined by (3.7), are in one-to-one correspondence with equivalent classes 

4 [x] consisting of solutions of (1.5). 

5 To study rest points of G", we consider the gradient flow 

= G'iz) (3.10) 

6 on T/" X R2^. 

7 Proposition 3.2. (Corollary of Theorem 5 of [4]) Denote by R{G) the set of rest points of gradient 

8 fiow (3.10). IfR{G) ^ 0, then *R{G) ^ 2n + 1. 

9 Remark 3.3. Propositions 3.1-3.2 are basically the same with corresponding results in [4] except 

10 that the potential $ in [4] is periodic in 2n directions, while in this section the potential B defined 

11 by (3.2) is only periodic in 2n — 1 directions since k ^ 0. However, gradients of $ and B are all 

12 periodic in 2n directions. Hence, the idea of [4] is valid for the multiplicity proof of solutions of 

13 (1.5). 

14 Remark 3.4. By Propositions 2.17 and 3.1-3.2, if H satisfies (H0)-(H2) with i = n, there exist 

15 (xj, 6j, 5fe.), 1 ^ z ^ 2n + 1 such that Xi solves (1.5), bi e (0, |(5), 5;,. G (— 15, Xi{t) +t(0, k) 

16 lies on Ds^ and XjS are geometrically distinct in the sense of (1 .2). In the next section, these 2n + l 

17 solutions are classified into two categories and give at least n + 1 geometrically distinct solutions 

18 of(l.l). 

19 4 Proof of Theorems 

20 4.1 Proof of Theorem 1.1 

21 Proposition 4.1. Let ki e \ {0} for i G {1, 2}. Assume that (xj, Tj) solves (1.5) with {k,T) 

22 being replaced by (ki, Ti) and Xj(s) + s(0, ki) lies on Ds^ with 6i G (— 15, If 

Wi{s) := (f)-^^{xi{s) + s{0,ki)), i = 1,2, 
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are geometrically the same in the sense of 

7rou7i(R) = vro W2(M), 

where ir denotes the covering projection R^"— )-M^"~^ x M^/Z^. Then 

(i) There exists a reparametrization s : M— t-M, t s{t) such that 

TT O Wi(t) = TT O W2(s(t)), Vt e M, 
/Cl = s(0)/C2, 

where g : R— >R ?'5 defined by (2.42). 

(ii) There exists e G {±1} such that 



Proof. For (i), without loss of generality, we assume that 



71 O Wi{0) 



7T O W2{0). 



Since {xi,Ti) solves (1.5) with {k,f) being replaced by {ki,Ti) and + s(0, /cj) lies 
with (5j G (— it follows from (v.3) of Proposition 2.15 that tt o ^Vi solves 




Define s : R-^M by 



s{t) := s{0)t : 



fl'(52)r2 



i, Vt G R. 



Set 
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Then 

d _ ds d , , 

d^"°^^^'^ = d^di"°^^^^^ 

= ■s(^)fi'('^2)r2X^^(7r o W2(s)) 

= g{5^)nXj,^{nowr{t)), (4.10) 

TT O ^^(O) = TT O ^2(0) = TT O t(;x(0). (4.11) 

The second equality follows from (4.7). The third equality follows from (4.8). By (4.7) with 
i = 1, (4.10) and (4.11), the basic uniqueness theorem for the initial value problem of ordinary 
differential equations yields 

TlOWi{t)=TlOWx{t),\/teR. (4.12) 

Then (4.3) follows from (4.9) and (4.12). 
By (4.2) and (4.3), we have 

TT O W2{S + S(0)) = TT O W2{s{t) + s(0)) = TT O W2{s{'d){t + 1)) = TT O W2{s{t + 1)) 
= TT O Wiit + 1) = TT O Wiit) = TT O W2{s{t)) = TT O W2{s) . 

This proves that s(0) is a period of vr o W2. Since (x2, r2) solves (1.5) with {k,T) being replaced 
by (A;2, T2) and ^2(5) + s(0, k2) lies on with 62 G ( — |5), by (v.5) of Proposition 2.15, there 
exists 1712 G Z \ {0}, n(x2) E N such that 

m = (4.13) 

By (4.2), (4.3) and (4.13), there exists j G such that 

r''{xi{t) + t{o,h)) = r'' [x2 (j^^t) + + (o,j)- (4.14) 
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Taking the difference of (4.14) with t = and n{x2), we have 

n(x2)(0, h) = ^-''{xi{0) + n(x2)(0, h)) - (f)-''{xi{0)) 

= (l)-'^{x,inix2)) + nix2)i0,h)) - (t>~'^{xiiO)) 

t=n(x2) 

= ^-''(ii(«) + i(0,fci)) 



n{x2) ) n{x2) / 
= 0-''Hx2(m2) + m2(0, k^)) - ^-'^x^m 
= <p-''ix2i0) + m2(0, h)) - 0-'^(x2(O)) 

= m2(0,A:2). (4.15) 

The first and the last equalities follow from x.j(0) G Ds^, n{x2)ki,m2k2 E and (2.40) with 
Si = Si respectively. The second and the fifth equalities follow from n{x2) E N, m2 G Z \ {0} and 
Xi is 1-periodic. Then (4.4) follows from (4.13) and (4.15). 
For (ii), the conclusion follows from (4.2) and (4.4). ■ 

Given G Z" \ {0}, by Remark 3.4, we obtain at least 2n + 1 solutions of (1.5), denoted by 
Xi,X2, - ■ ■ , X2n+i, which are distinct in the sense of (1.2). There exist 6i E (— 15, 1 ^ i ^ 
2n + 1 such that 

Wi{t) := (f)-^^{x,{t) + t{0, k)) G Do, Vt G M, 1 ^ i ^ 2n + 1. (4.16) 

Set 

Vi := {wi I 5i E -^6 + 6% l^i^2n + 1}, (4.17) 

V2 := {w, I 5, E i-h + S+,^S), l^t^2n + 1}, (4.18) 

where 5+ is defined by (2.44). Recall that g defined by (2.42) is positive on (— 15, increases 
strictly on (— — 15 + S^] and decreases strictly on [— 15 + 5^, |(5). We have 

Proposition 4.2. For every i E {1,2}, elements ofVi are pair-wise distinct in the sense of (1.2). 
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Proof. We argue by contradiction. Suppose that there exists a pair Wi^ , Wi^ belonging to Vi for 
some i E {1, 2} such that vr o Wj^(]R) = tt o Wj2(M). By (iii) of Proposition 4.1 with (ki, ti) = 
(^2,T2) = {k,T), we have g{5i^) = eig{5i^). By Proposition 2.14, we have g{6ii) = giSi^) > 
and hence 5i-^ = 5i^. By (4.2), we have s(0) = 1. By (4.13) and (4.14), we have 

X,, (t) + t{0, k) = <p'n (0-5^2 (x,^ it) + t(0, A;)) + (0, j)) 
= 0*^^ o0-^'2(a;,^(t)+t(O,A:)) + (O,j) 
= x,,(t)+t(0,A;) + (0,j). (4.19) 

The second equality follows from (4.16) and (2.40) with s = 5i^. The last equality follows from 
5i = 52- However, the equality (4.19) contradicts the assumption tt o (M) n o Xi^(R.). ■ 

Proof of Theorem 1.1. By Proposition 4.2, we have 

1 ^ z ^ 2n + 1 I WiS are geometrically distinct in the sense of (1.2).} 
^ max{#Pi #^2} > — ^ — > n. 
By (iv.5) of Proposition 2.15, we have V{M, k) ^ n + 1. ■ 

4.2 Proof of Theorem 1.2 

Since H^^{M) is contact, by (2.65) or (2.66), we obtain a Hamiltonian function H : M^"~^ x 
(M^/Z^)— i>R which is bounded in p G R^"~^ and possesses H~^(M) as a regular energy hyper- 
surface. Since 2n — i ^ 1, by Theorem 1.2 of [9] and (v.3) of Proposition 2.15, there exists a 
nonconstant solution {z, T) of (1.1) with some k^ e ll . If fco = then #P(M, 0) ^ 1. If fco ^ 0, 
we extend H periodically in -p to obtain a new Hamiltonian function H, which satisfies Proposition 
2.15. Repeating the proof of Section 4.1, we have *P(M, A;o) ^ + 1. ■ 
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Fig 2. auxiliary function / 
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Fig 3. auxiliary function g 
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